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1. Introduction 

1.1. The main theorem. Let fc be a field and X a scheme over k which admits an 
ample line bundle (e.g. a quasi-projective variety). Let vec{X) denote the category 
of algebraic vector bundles on X. We view vec{X) as an exact category in the sense 
of Quillen [27]: By definition, a short sequence of vector bundles is admissible exact 
iff it is exact in the category of sheaves on X. Moreover, the category vec(X) is 
fc-linear, i.e. it is additive and its morphism sets are fc-vector spaces such that the 
composition is bilinear. In [18], we have defined, for each fc-linear exact category A, a 
cyclic homology theory HC'^'^'^^A). The superscript der indicates that the definition 
is modeled on that of the derived category of A. In [loc. cit.] it was denoted by 
HC^.{A). As announced in [loc. cit.], in this article, we will show that the cyclic 
homology of the scheme X coincides with the cyclic homology of the fc-linear exact 
category vec(X): There is a canonical isomorphism (cf. Corollary 5.2) 

(1.1.1) HCiX) ^ HCf '{yeciX)). 

The definition of the cyclic homology of a scheme is an important technical point 
which will be discussed below in 1.4. Note that by definition [27, Par. 7], there is an 
analogous isomorphism in if -theory. 
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1.2. Motivation. Our motivation for proving the isomorphism 1.1.1 is twofold: 
Firstly, it allows the computation of i?C*(X) for some non-trivial examples. Indeed, 
suppose that k is algebraically closed and that X is a smooth projective algebraic va- 
riety. Suppose moreover that X admits a tilting bundle, i.e. a vector bundle without 
higher selfextensions whose direct summands generate the bounded derived category 
of the category of coherent sheaves on X. Examples of varieties satisfying these hy- 
potheses arc projective spaces, Grassmannians, and smooth quadrics [3], [12], [13], 
[14]. In 5.3, we deduce from 1.1.1 that for such a variety, the Chern character induces 
an isomorphism 

KoX Oz HC^k ^ HC^X. 

Here the left hand side is explicitly known since the group KqX is free and admits 
a basis consisting of the classes of the pairwise non-isomorphic indecomposable di- 
rect summands of the tilting bundle. Cyclic homology of projective spaces was first 
computed by Beckmann [2] using a different method. 

Our second motivation for proving the isomorphism 1.1.1 is that it provides fur- 
ther justification for the definition of HCl"^ . Indeed, there is a 'competing' (and 
previous) definition of cyclic homology for fc-linear exact categories due to R. Mc- 
Carthy [22]. Let us denote by HC^'^'"{A) the graded fc-module which he associates 
with A. McCarthy proved in [loc. cit.] a number of good properties for HC^'^'". The 
most fundamental of these is the existence of an agreement isomorphism 

HC4A)^HCf'^ipvoi{A)), 

where ^ is a fc-algebra and proj(A), the category of finitely generated projective A- 
modules endowed with the split exact sequences. In particular, if we take A to be 
commutative, we obtain the isomorphism 

HC,{X) ^ HC^^^iveciX)) 

for all affine schemes X = Spec(v4) (to identify the left hand side, we use Weibel's 
isomorphism [32] between the cyclic homology of an affine scheme and the cyclic 
homology of its coordinate algebra). Whereas for ifC^®'^, this ismorphism extends 
to more general schemes, this cannot be the case for ffCf Indeed, for n > 0, 
the group H"{X,Ox) occurs as a direct factor of HC-n {X). However, the group 
^^McC vanishes for n > by its very definition. 

1.3. Generalization, Chern character. Our proof of the isomorphism 1.1.1 
actually yields a more general statement: Let X be a quasi-compact separated scheme 
over k. Denote by perX the pair formed by the category of perfect sheaves (4.1) on 
X and its full subcategory of acyclic perfect sheaves. The pair per X is a localization 
pair in the sense of [18, 2.4] and its cyclic homology i?C* (per X) has been defined in 
[loc. cit.]. We will show (5.2) that there is a canonical isomorphism 

(1.3.1) HC,{X)^ HC,{peiX). 

If X admits an ample line bundle, we have an isomorphism 

ifCf '^(vec(X)) ^ HC, {pel X) 

so that the isomorphism 1.1.1 results as a special case. 
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The first step in tlie proof of 1.3.1 will be to construct a map 

Helper X) ^ HC^X). 

This construction will be carried out in 4.2 for an arbitrary topological space X 
endowed with a sheaf of (possibly non-commutative) fc-algebras. As a byproduct, we 
therefore obtain a new construction of the Chern character of a perfect complex P. 
Indeed, the complex P yields a functor between localization pairs 

? (g)fe P : per pt — > per X 

and hence a map 

HCipeipt) ^ HCiperX) ^ HC,{X). 
The image of the class 

ch{[k]) e i/C,(pcrpt) = HC4k) 

under this map is the value of the Chern character at the class of P. An analogous 
construction works for the other variants of cyclic homology, in particular for negative 
cyclic homology. The first construction of a Chern character for perfect complexes is 
due to Bressler-Nest-Tsygan, who needed it in their proof [5] of Schapira-Schneiders' 
conjecture [28]. They even construct a generalized Chern character defined on all 
higher i^'-groups. Several other constructions of a classical Chern character are due 
to B. Tsygan (unpublished). 

1.4. Cyclic homology of schemes. Let fc be a commutative ring and X a scheme 
over k. The cyclic homology of X was first defined by Loday [20]: He sheafified the 
classical bicomplex to obtain a complex of sheaves CC{Ox)- He then defined the 
cyclic homology of X to be the hypcrcohomology of the (total complex of) CC{Ox)- 
Similarly for the different variants of cyclic homology. There arise three problems: 

(1) The complex CC{Ox) is unbounded to the left. So there are (at least) two non- 
equivalent possibilities to define its hypercohomology: should one take Cartan- 
Eilenberg hypercohomology (cf. [32]) or derived functor cohomology in the sense 
of Spaltenstein [29] ? 

(2) Is the cyclic homology of an affine scheme isomorphic to the cyclic homology of 
its coordinate ring ? 

(3) If a morphism of schemes induces an isomorphism in Hochschild homology, does 
it always induce an isomorphism in cyclic homology ? 

Problem (1) is related to the fact that in a category of sheaves, products are not exact 
in general. We refer to [32] for a discussion of this issue. 

In the case of a noetherian scheme of finite dimension, Beckmann [2] and Weibel- 
Geller [34] gave a positive answer to (2) using Cartan-Eilenbcrg hypcrcohomology. 
By proving the existence of an SBI-sequence linking cyclic homology and Hochschild 
homology they also settled (3) for this class of schemes, whose Hochschild homology 
vanishes in all sufficiently negative degrees. Again using Cartan-Eilenberg hypcrcoho- 
mology, Weibel gave a positive answer to (2) in the general case in [32] . There, he also 
showed that cyclic homology is a homology theory on the category of quasi-compact 
quasi-separated schemes. Problem (3) remained open. 
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We will show in A. 2 that Cartan-Eilcnbcrg hypcrcohomology agrees with Spal- 
tenstein's derived functor hypercohomology on all complexes with quasi-coherent ho- 
mology if X is quasi-compact and separated. Since CC{Ox) has quasi- coherent ho- 
mology [34], this shows that problem (1) docs not matter for such schemes. As a 
byproduct of A. 2, we deduce in B.l a (partially) new proof of Boekstedt-Neeman's 
theorem [4] which states that for a quasi-compact separated scheme X, the unbounded 
derived category of quasi-coherent sheaves on X is cqiiivalcnt to the full subcategory 
of the unbounded derived category of all Ox-modules whose objects are the com- 
plexes with quasi- coherent homology. A different proof of this was given by Alonso- 
Jeremfas-Lipman in [30, Prop. 1.3]. 

In order to get rid of problem (3), we will slightly modify Loday's definition: 
Using sheaves of mixed complexes as introduced by Weibel [33] we will show that the 
image of the Hochschild complex C{Ox) under the derived global section functor is 
canonically a mixed complex M{X). The mixed cyclic homology of X will then be 
defined as the cyclic homology of M{X). For the mixed cyclic homology groups, the 
answer to (2) is positive thanks to the corresponding theorem in Hochschild homology 
due to Weibel-Geller [34]; the answer to (3) is positive thanks to the definition. The 
mixed cyclic homology groups coincide with Loday's groups if the derived global 
section fimctor commutes with infinite sums. This is the case for quasi-compact 
separated schemes as we show in 5.10. 

1.5. Organization of the article. In section 2, we recall the mixed complex 
of an algebra and define the mixed complex M{X,A) of a ringed space {X,A). In 
section 3, we recall the definition of the mixed complex associated with a localization 
pair and give a 'sheafifiable' description of the Chern character of a perfect complex 
over an algebra. In section 4, we construct a morphism from the mixed complex 
associated with the category of perfect complexes on {X, A) to the mixed complex 
M{X, A). We use it to construct the Chern character of a perfect complex on {X, A). 
In section 5, we state and prove the main theorem and apply it to the computation 
of the cyclic homology of smooth projective varieties admitting a tilting bimdle. In 
appendix A, we prove that Cartan-Eilenberg hypercohomology coincides with derived 
functor cohomology for (unbounded) complexes with quasi- coherent homology on 
quasi-compact separated schemes. In appendix B, we apply this to give a (partially) 
new proof of a theorem of Boekstedt-Neeman [4] . 

1.6. Acknowledgment. The author thanks the referee for his suggestions, which 
helped to make this article more readable. 

2. Homology theories for ringed spaces 

Let fc be a field, X a topological space, and A a sheaf of fc-algebras on. X. In 
this section, we consider the possible definitions of the cyclic homology of {X,A). In 
2.1 we recall the definition suggested by Loday [20]. In 2.2, we point out that with 
this definition, it is not clear that a morphism inducing isomorphisms in Hochschild 
homology also does so in cyclic homology and its variants. This is our main reason 
for introducing the 'mixed homologies'. These also have the advantage of allowing 
a unified and simultaneous treatment of all the different homology theories. For the 
sequel, the two fundamental invariants are the mixed complex of sheaves M{A) and 
its image M{X,A) = RT{X, M{A)) under the derived global section functor. Both 
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arc canonical up to quasi-isomorphism and arc therefore viewed as objects of the 
corresponding mixed derived categories. In the case of a point and a sheaf given 
by an algebra A, these complexes specialize to the mixed complex M{A) associated 
with the algebra. The mixed cyclic homology HCmix,*{-A) is defined to be the cyclic 

homology of the mixed complex M {X, A) . 

2.1. HOCHSCHILD AND CYCLIC HOMOLOGIES. Following a suggestion by Loday [20], 
the Hochschild complex C{A), and the bicomplexes CC{A), CC^{A), and CCp^^{A) 
are defined in [5, 4.1] by composing the classical constructions (of. [21], for example) 
with sheafification. The Hochschild homology, cyclic homology ... of A are then 
obtained as the homologies of the complexes 

Rr(X, C{A)) , Rr(X, CC{A)) , ... 

where Rr(X, ?) is the total right derived functor in the sense of Spaltenstein [29] of 
the global section functor. 

2.2. Mixed cyclic homologies. Suppose that / : {X,A) {Y,B) is a morphism 
of spaces with sheaves of fc-algebras inducing isomorphisms in Hochschild homology. 
With the above definitions, it does not seem to follow that / also induces isomorphisms 
in cyclic homology, negative cyclic homology, and periodic cyclic homology. This is 
one of the reasons why we need to replace the above definitions by slightly different 
variants defined in terms of the mixed complex associated with A. This complex was 
introduced by C. Weibcl in [33]. However, the 'mixed homologies' we consider do not 
always coincide with the ones of [33] (cf. the end of this section). 

Let us first recall the case of ordinary algebras: For an algebra A, we denote by 
M{A) the mapping cone over the differential I — t linking the first two columns of 
the bicomplex CC{A). We endow M{A) with the operator B : M{A) M{A)[~1] 
induced by the norm map N from the first to the second column of the bicomplex. 
Then endowed with its differential d and with the operator B the complex M{A) 
becomes a mixed complex in the sense of Kassel [15], i.e. we have 

d^ = 0, B^ = 0, dB + Bd = 0. 

The mixed complex M{A) completely determines the homology theories of A. Indeed, 
we have a canonical quasi-isomorphism 

CiA) ^ M{A), 

which shows that Hochschild homology is determined by M{A). We also have canon- 
ical quasi-isomorphisms 

CC{A) ^ M{A) ®^ k , CC-{A) ^ RHomA(fc, M{A)) 

where the right hand sides are defined by viewing mixed complexes as objcicts of the 
mixed derived category, i.e. differential graded (=dg) modules over the dg algebra A 
generated by an indeterminate e of chain degree 1 with = and de = (cf. [15], 
[16]). Finally, we have a quasi-isomorphism 

CCP'^'iA) ^ (Rlim)Pfe[-2n] ®a M{A) 

where Pk is a cofibrant resolution (= 'closed' resolution in the sense of [17, 7.4] 
='semi-free' resolution in the sense of [1]) of the dg A- module k and the transition 
map Pfe[— 2(n -|- 1)] — > Pfc[— 2n] comes from a chosen morphism of mixed complexes 
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Pk Pfe[2] which represents the canonical morphism A; — > fc[2] in the mixed derived 
category. For example, one can take 

Pfc = 0A[2i] 

as a A- module endowed with the differential mapping the generator 1, of A[2i] to 
eli-i. The periodicity morphism then takes 1^ to and Iq to 0. Note that the 
functor limPk[—2n](E)\? is actually exact so that Rlim may be replaced by lim in the 
above formula. 

Following Weibel [33, Section 2] we sheafify this construction to obtain a mixed 
complex of sheaves M{A). We view it as an object of the mixed derived category 
'DM.ix {X) of sheaves on X , i.e. the derived category of dg sheaves over the constant 
sheaf of dg algebras with value A. The global section functor induces a functor from 
mixed complexes of sheaves to mixed complexes of /c-modules. By abuse of notation, 
the total right derived functor of the induced functor will still be denoted by Rr(X, ?). 
The mixed complex of the ringed space (X, A) is defined as 

M{X,A) = RT{X,M{A)). 

The fact that the functor Rr(Ar, ?) (and the mixed derived category of sheaves) is 
well defined is proved by adapting Spaltenstein's argument of section 4 of [29] . Since 
the underlying complex of fc-modules of M{A) is quasi- isomorphic to C{A), we have 
a canonical isomorphism 

HH^{A) ^ H^m:{X,M{A)). 
We define the 'mixed variants' 

of the homologies associated with A by applying the functors 

fc , RHomA(fc,?) resp. RlimPfe[-2n]OA? 

to M{X,A) and taking homology. 

These homology theories are slightly different from those of Bressler-Nest- 
Tsygan [5], Weibel [32], [33], and Beckmann [2]. We prove in 5.10 that mixed cyclic 
homology coincides with the cyclic homology defined by Weibel if the global section 
functor Rr(X, ?) commutes with countable coproducts and that this is the case if 
(X, A) is a quasi-compact separated scheme. 

For a closed subset Z C X, we obtain versions with support in Z by applying 
the corresponding functors to Rr2(X, M{A)). 

Now suppose that a morphism {X, A) {Y, B) induces an isomorphism in _ff iJ* . 
Then by definition, it induces an isomorphism in the mixed derived category 

Rr(X, M{A)) ^ Rr(F, M{B)) 

and thus in HCmix,*, HC^^^ ,^, and HC^l^^^. 

3. Homology theories for categories 

In this section, we recall the definition of the cyclic homology (or rather: the 
mixed complex) of a localization pair from [18]. We apply this to give a description 
of the Chern character of a perfect complex over an algebra A (=sheaf of algebras 



DocuMENTA Mathematica 3 (1998) 177-205 



Cyclic homology 



183 



over a point). This description will later be generalized to sheaves of algebras over a 
general topological space. 

A localization pair is a pair consisting of a (small) differential graded fc-category 
and a full subcategory satisfying certain additional assumptions. To define its mixed 
complex, we proceed in three steps: In 3.1, the classical definition for algebras is 
generalized to small fc-categories following an idea of Mitchell's [24]; then, in 3.2, we 
enrich our small fc-categorics over the category of differential complexes, i.e. we define 
the mixed complex of a differential graded small fc-category; by making this definition 
relative we arrive, in 3.3, at the definition of the mixed complex of a localization pair. 
For simplicity, we work only with the Hochschild complex at first. 

We illustrate each of the three stages by considering the respective categories 
associated with a fc-algebra A : the fc-category proj(A) of finitely generated projec- 
tive A- modules, the differential graded fc-category C^(proj(j4)) of bounded complexes 
over proj(A), and finally the localization pair formed by the category of all perfect 
complexes over A together with its full subcategory of all acyclic perfect complexes. 
The three respective mixed complexes are canonically quasi-isomorphic. Thanks to 
this fact the mixed complex of an algebra is seen to be functorial with respect to exact 
functors between categories of perfect complexes. This is the basis for our description 
of the Chern character in 4.2. 

3.1. fc-CATEGORlES. Let C be a small fc-category, i.e. a small category whose mor- 
phism spaces carry structures of fc-modules such that the composition maps are bi- 
linear. Following Mitchell [24] one defines the Hochschild complex C(C) to be the 
complex whose nth component is 

(3.1.1) ]JC(X„, Xo) ^ C(X„_i, X„) ^ C{Xn-2, Xn-l) C{Xo, Xi) 

where the sum runs over all sequences Xq, . . . , X„ of objects of C. The differential is 
given by the alternating sum of the face maps 

(/n, • ■ • Jifi^l, ■■■fo) if « > 

(-l)"(/o/n,... ,/i) ifi = 

For example, suppose that vl is a fc-algebra. If we view A as a category C with 
one object, the Hochschild complex C{C) coincides with C{A). We have a canonical 
functor 

A — !■ proj A , 

where proj A denotes the category of finitely generated projective A-modules. By a 
theorem of McCarthy [22, 2.4.3], this functor induces a quasi-isomorphism 

C(^)^C(projA). 

3.2. Differential graded categories. Now suppose that the category C is a 

differential graded fc-category. This means that C is enriched over the category of 
differential Z-graded A;-modules (=dg A:-modules), i.e. each space C{X,Y) is a dg 
fc-module and the composition maps 

C{Y,Z)®kC{X,Y)^C{X, Z) 

are morphisms of dg fc-modules. Then we obtain a double complex whose columns 
are the direct sums of (3.1.1) and whose horizontal differential is the alternating sum 



di{fn, • • • ,fi, /i-lj • • • ) /o) 
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of the face maps 



diifn, ■ ■ ■ , fit ■ • ■ 5 /o) — 



Jn, ■ ■ ■ , JtJt-lT ■ ■ ■ JDJ -li-i-^u 
-l)("+"H/0/n,--- ,/l) iH = 



,/i/i-i,---/o) if2>0 



where cr = (deg /o)(deg /i + • • • + deg The Hochschild complex C(C) of the dg 

category C is by definition the (sum) total complex of this double complex. The dg 
categories we will encounter are all obtained as subcategories of a category C{X) of 
differential complexes over a fc-linear category X (a fc-linear category is a fc-category 
which admits all finite direct sums). In this case, the dg structure is given by the 
complex Hom^ {X, Y) associated with two differential complexes X and Y. 

Hence if A is a fc-algebra, the category C''(projA) of bounded complexes of 
finitely generated projective A-modules is a dg category and the functor 



mapping a module P to the complex concentrated in degree whose zero component is 
P becomes a dg functor if we consider proj A as a dg category whose morphism spaces 
are concentrated in degree 0. By [17, lemma 1.2], the functor proj A C''(proj A) 
induces a quasi-isomorphism 



3.3. Pairs of dg categories. Now suppose that Co C Ci are full subcategories 
of a category of complexes C{X) over a small fc-linear category X. We define the 
Hochschild complex C{C) of the pair C : Co C Ci to be the cone over the morphism 



induced by the inclusion (here both Co and Ci are viewed as dg categories). For 
example, let A be a fc-algebra. Recall that a perfect complex over A is a complex 
of A-modules which is quasi-isomorphic to a bounded complex of finitely generated 
projective A-modules. Let per A denote the pair of subcategories of the category of 
complexes of A-modules formed by the category per^ A of perfect A-modules and 
its full subcategory perg A of acyclic perfect A-modules. Clearly we have a functor 
proj A per A, i.e. a commutative diagram of dg categories 



proj A^& 



(proj A) 



C7(projA)^(7(C^(projA)). 



C7(Co) ^ C7(Ci) 







perg A 



proj A 



per^ A 



This functor induces a quasi-isomorphism 



C(projA) C(perA) 



by theorem 2.4 b) of [18]. 
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3.4. Mixed complexes and characteristic classes. In the preceding para- 
graph, we have worked with the Hochschild complex, but it is easy to check that 
everything we said carries over to the mixed complex (2.2). The conclusion is then 
that if A is a fc-algebra, we have the following isomorphisms in the mixed derived 
category 

M{A) ^ M(proj A) ^ M(perA). 

This shows that M{A) is functorial with respect to morphisms of pairs per A per B, 
i.e. functors from perfect complexes over A to perfect complexes over B which respect 
the dg structure and preserve acyclicity. For example, if P is a perfect complex over 
A, we have the functor 

1 ®k P '■ per k per A 

which induces a morphism 

M(? Ofc P) : M(perfc) ^ M(per A) 

and hence a morphism 

M{P) : M{k) M{A). 

If wo apply the functors Hq resp. if*RHomA(A;, ?) to this morphism we obtain 
morphisms 

HHoik)^HH„iA) and ^ i/C'^ .(A) 

which map the canonical classes in HHo{k) resp. HC^^^ ^{k) = HC~(k) to the Euler 
class resp. the Chern character of the perfect complex P. 

4. Characteristic Classes for Ringed spaces 

Let fc be a field, X a topological space, and A a sheaf of fc-algebras on X. In 
this section, we consider, for each open subset U of X, the localization pair of perfect 
complexes on U denoted by per^|c/. The mixed complexes M(per^|[/) associated 
with these localization pairs are assembled into a sheaf of mixed complexes M(per A). 
In 4.1, we show that this sheaf is quasi- isomorphic to the sheaf M{A) of mixed 
complexes associated with A. In 4.2, this isomorphism is used to construct the trace 
morphism 

r : M(per^) ^ Rr(X,M(^)). 

The construction of the characteristic classes of a perfect complex is then achieved 
using the functoriality of the mixed complex Mijier A) with respect to exact functors 
between localization pairs. 

The main theorem (5.2) will state that r is invertible if {X, A) is a quasi-compact 
separated scheme. 

4.1. The presheaf of categories of perfect complexes. Recall that a strictly 
perfect complex is a complex P of ^-modules such that each point x € X admits an 
open neighbourhood U such that P\u is isomorphic to a bounded complex of direct 
sunimands of finitely generated free ^|f/-modules (note that such modules have no 
reason to be projective objects in the category of ^[[/-modules). A perfect complex is 
a complex P of ^-modules such that each point x & X admits an open neighbourhood 
U such that P\u is quasi-isomorphic to a strictly perfect complex. 
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We denote by per^ the pair formed by the category of perfect complexes and 
its full subcategory of acyclic perfect complexes. For each open [/ C X, we de- 
note by permit/ the corresponding pair of categories of perfect ^| [/-modules. Via 
the restriction fimctors, the assignment U i— > M(per(^|i7)) becomes a prcshcaf of 
mixed complexes on X. We denote by M{perA) the corresponding sheaf of mixed 
complexes. 

For each open U d X,we have a canonical functor 

pvo]-A{U) permit/ , 

whence morphisms 

M{A{U)) M(proj^(C/)) M(per^|[/) 
and a morphism of sheaves 

M{A) M{perA). 
Key Lemma. The above morphism is a quasi-isomorphism 

Remark 4.1. This is the analog in cyclic homology of lemma 4.7.1 of [5] (with the 
same proof, as P. Bressler has kindly informed me). 

Proof. We will show that the morphism induces quasi-isomorphisms in the stalks. Let 
X & X. Clearly we have an isomorphism 

M{perA)^ ^ Af(limperyl|r/) , 

where U runs through the system of open neighbourhoods of x. We will show that 
the canonical functor 

limper>l|[/ — > per^l^; 

induces a quasi-isomorphism in the mixed complexes. For this, it is enough to show 
that it induces equivalences in the associated triangulated categories, by [18, 2.4 b)]. 
Now we have a commutative square 

limper^|[/ per Ax 



limstrper^lc/ ^ strper^^. 

Here, we denote by strper the pair formed by the category of strictly perfect 
complexes and its subcategory of acyclic complexes. For an algebra A, we have 
strper A = C''(projA) by definition. It is easy to see that the two vertical arrows 
induce equivalences in the triangulated categories, and the bottom arrow is actually 
itself an equivalence of categories. Indeed, we have the commutative square 

liin strper^ If/ «- strper 



linj strper ^(C/) ^ strper 
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Here the right vertical arrow is the identity and the left vertical arrow and the bottom 
arrow are clearly equivalences. 

The claim follows since the composition of the morphism 

M{Aa:) MilmiperAlu) 

with the quasi-isomorphism M (limpci A\u) M {per Ax) is the canonical quasi- 
isomorphism M{Ax) — > M {per Ax)- 

V 

4.2. Characteristic classes. By definition of M{per A) we have a morphism of 
mixed complexes M(per^) T{X, M{per A)). By the key lemma (4.1), the canon- 
ical morphism M{A) M{per A) is invertible in the mixed derived category. Thus 
we can define the trace morphism 

T : MipevA) Kr{X,M{A)) 

by the following commutative diagram 

M(per^) ^ r{X,M{perA)) 

T 

-RT(X,M{A)) IlT{X,M{perA)) 

Now let P be a perfect complex. It yields a functor 

1 ®k P : per k ^ per A 
and hence a morphism in the mixed derived category 

M{k) ^ M{peTk) M{perA) ^ IiT{X,M{A)) = M{X,A). 

If we apply the functor Hq resp. RHomA(fc, ?) to this morphism, we obtain morphisms 

HHo{k) ^ HHo{A) resp. HC:{k) = HC-,,^M^HC-,,^M) 

mapping the canonical classes to the Euler class respectively to the Chern character 
of the perfect complex P. 

RemMTk 4.2. The trace morphism r : M(per^) — > M[X,A) is a quasi-isomorphism if 
X is a point (by 3.3) or if {X, A) is a quasi-compact separated scheme (by 5.2 below). 

Remark 4.3. (B. Tsygan) Let P be a perfect complex and A = Hom*^ (P, P) the dg 
algebra of endomorphisms of P. So if P is fibrant (cf. A.l), then the ith homology 
of A identifies with HomDx(P, P[i])- The dg category with one object whose endo- 
morphism algebra is A naturally embeds into per^ A and we thus obtain a morphism 

M{A) ^ M(peri A) M{pevA) ^ Rr(X, M{A)) 

whose composition with the canonical map M{k) — > M{A) coincides with the mor- 
phism constructed above. 
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4.3. Variant with supports. Let Z C X be a closed subset. Let pct{A on X) 
be the pair formed by the category of perfect complexes acyclic off Z and its full 
subcategory of acyclic complexes. For each open U C X denote by ])er{A\u on Z) the 
corresponding pair of categories of perfect ^[(/-modules. Via the restriction functors, 
the assignment U M{peT{A\u on Zj) becomes a presheaf of mixed complexes on 
X. We denote by M{per {A on Z)) the corresponding sheaf of mixed complexes. We 
claim that M{per {A on Z))^ is acyclic for x ^ Z. Indeed, ii U C X \ Z is a.n open 
neighbourhood of x, then by definition, the inclusion 

perQ(^|[/ on Z) pcri{A\u on Z) 

is the identity so that M{pei:{A\u on Z)) is nuUhomotopic. It follows that the canon- 
ical morphism M{per {A on Z)) — > M{perA) uniquely factors through 

KTzMiperA) M{perA) 

in 'DM.ix{X). Using the quasi- isomorphism M{A) — > M{perA) we thus obtain a 
canonical morphism M{per {A on Z)) 'R.TzM{A) making the following diagram 

commutative 

M{per{A on Z)) >- KrzM{perA) >- M{perA) 




IiTzM{A) M{A) 

We now define the trace morphism tz ■ M(per(^ on Z)) RTz{X, M{A)) as the 
composition 

M{pev{A on Z)) ^ r{X, M{per {A on Z))) ^ KTziX, M{A)). 
We then have a commutative diagram 

M(per(^ on Z)) ^ M(per^) 



Rrz{X,M{A)) Rr{X, M{A)) 

This yields a canonical lift of the classes constructed in section 4.2 to the theories 
supported in Z. The trace morphism tz is invertible if X and U = X \ Z are quasi- 
compact separated schemes (by 5.2 below). 

5. The main theorem, examples, proof 

This section is devoted to the main theorem 5.2. Let fc be a field and X a 
quasi-compact separated scheme over k. The mixed complex associated with X is 
defined as M{X) = Tir{X, M{Ox))- The main theorem states that the trace map 
T : M(perX) M{X) of 4.2 is invertible in the mixed derived category. 

In 5.1, we define M(perX) and examine its functoriality with respect to mor- 
phisms of schemes following [31]. In 5.2, we state the theorem and, as a corollary, the 
case of quasi-projective varieties. As an application, we compute, in 5.3, the cyclic 
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homology of smooth projective varieties admitting a tilting bundle as described in the 
introduction. 

The proof of the main theorem occupies subsections 5.4 to 5.9. It proceeds by 
induction on the number of open affincs needed to cover X. The case of afhnc X is 
treated in section 5.4. The induction step uses a Mayer- Vietoris theorem (5.8) which 
is based on the description of the fiber of the morphism of mixed complexes induced 
by the localization at a quasi-compact open subschcmc. This description is achieved 
in 5.7. It is based on Thomason-Trobaugh's localization theorem, which we recall in 
section 5.5 in a suitable form, and on the localization theorem for cyclic homology of 
localization pairs [18, 2.4 c)], which we adapt to our needs in 5.6. 

5.1. Definition and functoriality. Wc adapt ideas of Thomason-Trobaugh [31]: 
Let X be a quasi-compact separated scheme over a field k. We put perX = perOj^: 
(cf. 4.1). We claim that the assignment X i— > M(perX) is a functor of X. Indeed, 
let flatperX be the pair formed by the category of right bounded perfect complexes 
with flat components and its subcategory of acyclic complexes. Then the inclusion 

flatper X per X 

induces an equivalence in the associated triangulated categories (by [31, 3.5]) and 
hence an isomorphism 

M(flatperX) ^ M(perX) 

by [18, 2.4 b)]. Now if / : X ^ y is a morphism of schemes, then /* clearly induces a a 
functor flatper y flatper X and hence a morphism M(pery) M(perX). Notice 
that this morphism is compatible with the map M(perX) Iir{X, M {per X)) of 
section 4.2. 

Now suppose that X admits an ample family of line bundles. Then the inclusion 

strper X per X 

induces an equivalence in the associated triangulated categories [31, 3.8.3] and hence 
an isomorphism M(strperX) M(perX). Note that strper X is simply the category 
of bounded complexes over the category vecX of algebraic vector bundles on X 
(together with its subcategory of acyclic complexes). Hence we have the equality 
M(strperX) = M{vccX) where M{vecX) denotes the mixed complex associated 
with the exact category vecX as defined in [18]. In particular, if X = Spec A is affine, 
we have canonical isomorphisms 

M{A) ^ M(proj A) ^ M(vecX) ^ M(perX). 

5.2. The main theorem. Let X be a quasi-compact separated scheme over a field 
k. The mixed complex associated with X is defined as M{X) = Rr{X,M{Ox))- 
Note that by definition, we have 

HCrm.AX) = HCM(X) , iJC-,,,,(X) = HC;^,^^,M{X) , .... 
Theorem. The trace morphism (4-2) 

T : M(perX) ^ M{X) 

is invertible. More generally, if Z is a closed subset of X such that U = X \ Z is 
quasi- compact, then the trace morphism 

Tz : M{pei{X on Z)) ^ IiTz{X,M{Ox)) 
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is invertible. 

Corollary. Let X be a quasi-compact separated scheme over a field k. Then there 
is a canonical isomorphism 

Helper X) ^ HC^X). 

In particular, if X admits an ample line bundle (e.g. if X is a quasi-projective vari- 
ety), there is a canonical isomorphism 

HCi^'{YecX)^HC,{X). 

The corollary was announced in [18, 1.10], where we wrote ifC*(vecX) instead 
of HC'^^'^{vecX). It is immediate from the theorem once we prove that for quasi- 
compact separated schemes, there is an isomorphism 

This will be done in 5.10. 

The theorem will be proved in 5.9. The plan of the proof is described in the 

introduction to this section. 

5.3. The example of varieties with tilting bundles. Suppose that k is an 
algebraically closed field and that X is a smooth projective algebraic variety. Sup- 
pose moreover that X admits a tilting bundle, i.e. a vector bimdlc T without higher 
selfextensions whose direct summands generate the bounded derived category of the 
category of coherent sheaves on X as a triangulated category. Examples of vari- 
eties satisfying these hypotheses are projective spaces, Grassmannians, and smooth 
quadrics [3], [12], [13], [14]. 

Proposition. The Chem character induces an isomorphism 

Kq{X) (g>z HC4k) HC^{X). 

Here the left hand side is explicitly known since the group Ko{X) is free and 
admits a basis consisting of the classes of the pairwise non-isomorphic indecomposable 
direct summands of the tilting bimdle. For example, if X is the Grassmannian of k- 
dimensional subspaces of an n-dimensional space, the indecomposables are indexed by 
all Young diagrams with at most k rows and at most n—k columns. Gyclic homology 
of projective spaces was first computed by Beckmann [2] using a different method. 

The proposition shows that if X is a smooth projective variety such that 
H"'{X,Ox) 7^ for some n > 0, then X cannot admit a tilting bundle. Indeed, 
the group H'^{X,Ox) occurs as a direct factor of HC^n {X) and therefore has to 
vanish if the assumptions of the proposition are satisfied. 

Proof. Let A be the endomorphism algebra of the tilting bundle T and r the Jacobson 
radical of A. We assume without restriction of generality that T is a direct sum of 
pairwise non-isomorphic indecomposable bundles. Then A/r is a product of copies 
of k (since k is algebraically closed). We will show that the mixed complex M{X) is 
canonically isomorphic to M{A/r). For this, consider the exact functor 

?(g)A : proj(A) vec(X). 

It induces an equivalence in the bounded derived categories 

V\pvo]iA)) ^ V\yec{X)). 
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Indeed, we have a commutative square 



P^(mod(^)) ^ V\coh{X)) 

where mod(^) denotes the abehan category of all finitely generated right A-modules 
and coh(X) the abelian category of all coherent sheaves on X. Since T is a tilting 
bundle, the bottom arrow is an equivalence. Since X is smooth projective, it follows 
that A is of finite global dimension. Hence the left vertical arrow is an equivalence. 
Again because X is smooth projective, the right vertical arrow is an equivalence. 
Hence the top arrow is an equivalence. So the functor 

? r : per(A) ^ per(X) 

induces an equivalence in the associated triangulated categories and hence an isomor- 
phism 

M(per(A)) ^ M(per(X)) 

by [18, 2.4 b)]. Of course, it also induces an isomorphism _K'o(proj(A)) ^ Ko{vec{X)) 
and the Chern character is compatible with these isomorphisms by its description in 
4.2. So we are reduced to proving that the Chern character induces an isomorphism 

Ko{A) ®z HC,{k) A HCM)- 

For this, let -E C A be a semi-simple subalgebra such that E identifies with the quo- 
tient A/r. The algebra S is a product of copies of k and of course, the inclusion E d A 
induces an isomorphism in K^. It also induces an isomorphism in iJC* by [17, 2.5] 
since A is finite-dimensional and of finite global dimension. These isomorphisms are 
clearly compatible with the Chern character and we are reduced to the corresponding 
assertion for HC*{E). This is clear since E is a. product of copies of k. 

5.4. Proof of the main theorem in the affine case. Suppose that X = 

SpoCj4. Then wc know by section 5.2 that the canonical morphism M{A) ^■ 
M{per X) is invertible. Now Weibel-Geller have shown in [34, 4.1] that the canonical 
morphism 

M{A)^Ii,eT{X,MiOx)) 

is invertible where M{Ox ) is viewed as a complex of sheaves on X and Ilce^{X, ?) 
denotes Cartan-Eilenberg hypercohomology (cf. section A. 2). Moreover, Weibel- 
GcUcr have shown in [34, 0.4] that the complex M{Ox) has quasi-coherent homology. 
By section A. 2, it follows that the canonical morphism 

KT{X,M{Ox)) ^ nceT{X,M{Ox)) 
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is invertible. Using the commutative diagram 

M{A) ^ Reer(X,M(Ox)) 

M(perX) Iir{X,M{Ox)) 

we conclude that M(perX) Kr{X, M{Ox)) is invertible for afBne X. 

5.5. Thomason-Trobaugh's localization theorem. Let X be a quasi-compact 

quasi-separated scheme. We denote by TpcrX the full subcategory of the (un- 
bounded) derived category of the category of Ox-modules whose objects are the 
perfect complexes. This category identifies with the triangulated category associated 
with the localization pair per X as defined in [18, 2.4]. Recall that a triangle functor 
»S — » T is an equivalence up to factors if it is an equivalence onto a full subcategory 
whose closure under forming direct summands is all of T. A sequence of triangulated 
categories 

is exact up to factors if the first functor is an equivalence up to factors onto the kernel 
of the second functor and the induced functor iS/7?, ^ T is an equivalence up to 
factors. 

Theorem. [31] 

a) Let U C X be a quasi- compact open subscheme and let Z = X \ U. Then the 
sequence 

^ Tper(X on Z) TperX ^ TperJ7 ^ 

is exact up to factors. 

b) Suppose that X = V Li W , where V and W are quasi- compact open subschemes 
and put Z = X \ W . Then the lines of the diagram 

— ^ T per(X on Z) — <~ T per X ^ TperW^ ^ 

i* 

— <- T per(y on Z) — ^ T per V <~ T per{V n W) ^ 

are exact up to factors and the functor j* is an equivalence up to factors. 

The theorem was proved in section 5 of [31]. Note that the first assertion of part 
b) follows from a). The second assertion of b) is a special case of the main assertion 
in [31, 5.2] (take U — V, Z = X \ W in [loc.cit.]). A new proof of the theorem is due 
to A. Neeman [25], [26]. 

5.6. Localization in cyclic homology of DG categories. In this section, we 
adapt the localization theorem [18, 4.9] to our needs. Let 
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be a sequence of small flat exact DG categories such that F is fully faithful, GF ■ 
and the induced sequence of stable categories 

is exact up to factors (5.5). 
Theorem. The morphism 

Cone{M{A) M{B)) M{C) 

induced by M (G) is a qua,si- isomorphism. 



Proof. The proof consists in extracting the relevant information from [18] ; Indeed, 

since F is fully faithful, we may consider ^ — > B as a localization pair and since 
GF = 0, the square 

A — ^ B 



as a morphism of locahzation pairs, i.e. a morphism of the category C\^^ of [18, 4.3]. 
By applying the completion functor ?+ of [loc. cit.] we obtain a morphism 



{A ^ BY 



(5.6.1) 



(0-C)+ 

of the category C. Applying the functor Cm to this morphism yields the morphism 

{M{A) M{B)) 

(0,M(G)) 

(0 ^ M{C)) 

of VMorMix by the remarks following proposition 4.3 of [18]. On the other hand, 
applying the functor I\ of [18, 4.8] to the morphism (5.6.1) yields the identity of C+ 

in A4 and applying M (denoted by C in [18]) yields the identity of M{C) in VAiix . 
By the naturality of the isomorphism of functors in [18, 4.9 a)], call it tp, we obtain a 
commutative square in VAdix 



Cone{M{A) M{B)) 



(0,M(G)) 



Cone(0 ^ M(C)) 



M{C) 



M{C) 



So the left vertical arrow of the square is invertible in VAdix , which is what we had 
to prove. 
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5.7. Perfect complexes with support and local cohomology. Let X be a 
quasi-compact quasi-separated scheme, U C X a, quasi-compact open subscheme, and 
Z = X \ U. Let j : U ^ X he the inclusion. 

Proposition. The sequence 

M{per {X on Z)) M{per X) j*M{per U) 

embeds into a triangle ofDAdix (X). This triangle is canonically isomorphic to the Z- 
local cohomology triangle associated with M{per X). In particular, there is a canonical 
isomorphism 

M{per{X on Z)) ^ HT z{X,M{per X)). 
Moreover, the canonical morphisms fit into a morphism of triangles 

M(per(X on Z)) M(perX) M(per[/) — M(per(X on Z))[l] 

TzM{perX)) ^ TM{perX)) TM{perU)) — T z M {per X))[l] 

in the mixed derived category, where T and Tz are short for Rr(X, ?) and RF^ {X, ?) . 
Proof. Let V d X he open. Consider the sequence 

(5.7.1) M(per(y on Z)) M(per V) M(per(y n U)). 

If we let V vary, it becomes a sequence of presheaves on X. We will show that there 
is a sequence of mixed complexes of presheaves 

(5.7.2) A^B-^C 
such that 

• we have gf = m. the category of mixed complexes of presheaves 

• in the derived category of mixed complexes of presheaves, the sequence 5.7.2 
becomes isomorphic to the sequence 5.7.1. 

• for each quasi-compact open subscheme V G X, the canonical morphism from 
the cone over the morphism Aiy) — > Biy) to C{V) induced by g' is a quasi- 
isomorphism. 

This implies that firstly, the sequence of sheaves associated with the sequence 5.7.2 
embeds canonically into a triangle 

A^B^C^ i[l] , 

where the tilde denotes sheafification and the connecting morphism is constructed as 
the composition 

C ^ Cone(i ^B)^ A[l], 
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and secondly we have a morphism of triangles 

A{V) . B{V) ^ C{V) ^ A{V)[1] 



Rr(v,i) Rr(v,B) Rr(y,c') Rr(v,i[i]) 

for each quasi-compact open subscheme V C X (to prove this last assertion, we use 
that Rr(y, ?) lifts to a derived functor defined on the category of all sequences 

A' i^B' ^ C 

with g'f = 0). 

To construct the sequence 5.7.2, we have to (pre-) sheafify a part of the proof of 
[18, 2.4]. For this, let iper X denote the category of all fibrant (A.l) perfect complexes. 
Then the inclusion iper X — > per X induces an equivalence in the associated triangu- 
lated categories and thus we have an isomorphism M(iper X) ^ M(per X) in VMix . 
Note that this even holds if X is an arbitrary ringed space. In particular, it holds 
for each open subscheme V G X instead of X. Hence the presheaf V i— > M(perF) 
is isomorphic in the derived category of presheaves ioV^ Af(iper V^). Similarly for 
the other terms of the sequence, so that we axe reduced to proving the assertion for 
the sequence of presheaves whose value at V is 

M(iper(y on Z)) M(iper F) ^ M(iper(f/ n V)). 

For this, let I{V) be the exact dg category [18, 2.1] of fibrant (A.l) complexes on V 
and let I{V) be the category whose objects are the exact sequences 

of liy) such that i has split monomorphic components, K is acyclic off Z and ix 
is a quasi-isomorphism for each x € Z. Then I{V) is equivalent to a full exact dg 
subcategory of the category of filtered objects of X(V") (cf. example 2.2 d) of [18]). 
Let T{V on Z) be the full subcategory of i{X) whose objects are the sequences 

and i{U n V) the full subcategory whose objects are the sequences 

Q^Q^ M ^ L^O. 
Let G : i{V) i{V n U) be the fimctor 

(0 ^ A' ^ L ^ Af ^ 0) (0 ^ ^ M ^ M ^ 0) 
and F : X{V on Z) i{V) the inclusion. Then the sequence 

(5.7.3) ^ J(y on Z) ^ J(y) ^ X (F n [/) ^ 

is an exact sequence of the category Adsir of [18, 4.4] and in particular we have 
GF = 0. We take the subsequence of perfect objects : Let iper(V' on Z) be the full 
subcategory oiliV on Z) whose objects are the K ^ L ^ Q with K e iper(F on Z), 
let iper(F) be the full subcategory of the K ^ L ^ M with M e perF, and let 
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ipcr{V n U) be the full subcategory of the ^ L ^ M with M\u € per(y n U). 
Consider the diagram 

i'per(y on Z) — ^ iper(F) — ^ i'per(y n U) 



iper(F on Z) iper(y) iper(Vn C/), 

where the three vertical functors are given by 

K ^ L^O ^ K 

O^L^M ^ M\u. 

Its left hand square is commutative up to isomorphism and its right hand square is 
commutative up to the homotopy [18, 3.3] 

L\u^M\u. 

The vertical arrows clearly induce equivalences in the associated triangulated cate- 
gories. By applying the functor M to the diagram and letting V vary we obtain a 
commutative diagram in the derived category of presheaves of mixed complexes on 
X. The vertical arrows become invertible and the top row becomes 

M(iper(l/ on Z)) M{i^i:{V)) M{i!^i{V n U)) 

where V runs through the open subsets of X. This is the sequence of presheaves 
A B C announced at the beginning of the proof. Using theorem 5.5 a) and 
theorem 5.6 one sees that it has the required properties. 

5.8. Mayer- ViETORis sequences. Let X be a quasi-compact quasi-separated 
scheme and V,W C X quasi-compact open subschemes such that X = V[J W. 

Proposition. There is a canonical morphism of triangles in the mixed derived cat- 
egory 

M(per X) M(per V) © M(per W) M(per(T/ n W)) 



rM(per X) TM{per V) © TM{per W)) — TM{per {V f\W)) 

where T is short for Rr(X, ?). 

Proof. Put Z = X\ W. The first line of the diagram is deduced from theorem 5.5 b) 
using [18, 2.7]. Clearly the two squares appearing in the diagram are commutative. 
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We have to show that the square involving the arrows of degree 1 



M(per(y n W)) 



M(perX)[l] 



TM{per{Vr\W)) 



TM{perX))[l] 



is commutative as well. By [loc.cit.], the connecting morphism is the composition 



M{peT{Vr\W)) — M(per(y on Z))[l] 

Here the vertical morphism is invertible by theorem 5.5 b) and [18, 2.4 b)]. The 

second line of the diagram is the Mayer- Victoris triangle for hypcrcohomology. So 
the connecting morphism of the second line is obtained as the composition 

TM{per {V r\W)) -> VzM{perV)[l] ^ TzM{perX)[l] -> TM{perX)[l] , 

where T and Tz are short for Rr(X, ?) and RTziX, ?). Now it follows from proposi- 
tion 5.7 that the rightmost square of the diagram of the assertion is commutative as 
well. ^y 

5.9. Proof of theorem 5.1. Let Vi, . . . , V„ be open afhnes covering X. If n = 1, 
theorem 5.2 holds by section 5.4. If n > 1, we cover XbyV — Vi and W = Ui=2 n ^■ 
The intersection y n Vl^ is then covered by the n — 1 sets V nVi, 2 < i < n. These 
are afBne, since X is separated. So theorem 5.2 holds for V, W, and V OW hy the 
induction hypothesis. Thus it holds for X = y U by proposition 5.8. The assertion 
for Tz now follows by proposition 5.7. 

5.10. Proof of corollary 5.1. In [32] (cf. also [33]), C. Weibel defined HC^{X) 
as the homology of the complex of fc-modules 



where RFce denotes Cartan-Eilenberg hypcrcohomology (cf. section A. 2) and 
CC{Ox) is the sheafification of the classical bicomplex. Now Weibel-Geller have 
shown in [34] that the Hochschild complex C{Ox) has quasi-coherent homology. Thus 
each column of CC{Ox) has quasi- coherent homology and hence (the sum total com- 
plex of) CC{Ox) has itself quasi-coherent homology. Hence by theorem A. 2, the 
above complex is isomorphic to 



Now, as in the case of an algebra (cf. [21, 2.5.13]), CC{Ox) may also be viewed as 
the (sum total complex of the) bicomplex BC{M{Ox)) associated with the mixed 
complex of sheaves M{Ox) (cf. [33, Section 2]). What remains to be proved then is 
that the canonical map 



M(per(X on Z)[l] 



M(perX)[l] 



Rr,e(x,cc(Ox)) 



Rr{x, cc{Ox)). 



BC(Rr{X,M{Ox)) Kr{X,BC{M{Ox)) 
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is invcrtiblc in the derived category of fc-vector spaces. Now indeed, more generally, 
we claim that we have 

BC{Rr{x, M)) ^ m:{x,BC{M)) 

for any mixed complex of sheaves M with quasi- coherent homology. As the reader 
will easily check, this is immediate once we know that the functor Rr(X, ?) commutes 
with countable direct sums when restricted to the category of complexes with quasi- 
coherent homology. This follows from Corollary 3.9.3.2 in [19]. It may also be proved 
by the argument of [26, 1.4]. For completeness, we include a proof : Let Ki, z e /, be a 
family of complexes with quasi-coherent homology. It is enough to prove that H^{X, ?) 
takes JsT = iiTj to the sum of the H^{X, Ki). Now T{X, ?) is of finite cohomological 
dimension on the category of quasi-coherent modules. Indeed, for an afRne X, this 
follows from Serre's theorem [9, III, 1.3.1], and for arbitrary X it is proved by induction 
on the size of an afRne cover of X (here we use that X is quasi-compact and separated). 
It therefore follows from by theorem A. 2 b), lemma A. 3, and Serre's theorem [9, III, 
1.3.1]. that we have an isomorphism ii'i) ^ H'^{X,T-"Ki) and similarly for ii' 

for some fixed n < (cf. the proof of theorem A. 2 for the definition of the truncation 
functor T-"). So we may assume that the Ki and K are uniformly bounded below. 
But then, we may compute the H'^{X, Ki) using resolutions Ki Fi by imiformly 
bounded below complexes of flasque sheaves. The sum of the is again bounded 
below with flasque components and is clearly quasi-isomorphic to K. Now T{X, ?) 
commutes with infinite sums since X is quasi-compact, so the claim follows. 

Appendix A. On Cartan-Eilenberg resolutions 

We prove that Cartan-Eilenberg hypercohomology coincides with derived func- 
tor hypercohomology on all (unbounded) complexes of sheaves with quasi-coherent 
homology on a quasi-compact separated scheme. More precisely, we prove that in 
this situation, Cartan-Eilenberg resolutions are actually JT-injective resolutions in 
the sense of [29]. 

A.l. Terminology. Let ^ be a Grothendieck category. Spaltenstein [29] defined a 

complex / over A to be K-injective if, in the homotopy category, there are no non zero 
morphisms from an acyclic complex to /. This is the case iff each morphism M — » / 
in the derived category is represented by a unique homotopy class of morphisms of 
complexes. 

In [33, A. 2], C. Weibel proposed the use of the term fibrant for JsT-injective. 
Indeed, one can show that a complex is /C-injective iff it is homotopy equivalent to 
a complex which is fibrant for the 'global' closed model structure on the category 
of complexes in which cofibrations are the componentwise monomorphisms. This 
structure is an additive analogue of the global closed model structure on the category 
of simplicial sheaves on a Grothendieck site. The existence of the global structure in 
the case of simplicial sheaves was proved by Joyal [11] (cf. [10, 2.7]). We have not 
been able to find a published proof of the fact that the category of complexes over 
a Grothendieck category admits the global structure (an unpublished proof is due to 
F. Morel). However, the key step may be found in [8, Prop. 1]. 

Whereas in the homotopy category, the notions of 'fibrant for the global structure' 
and '/C-injective' become essentially equivalent, there is a slight difference at the level 
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of complexes: fibrant objects for the global structure are exactly the -ftT-injective 
complexes with injective components. 

We will adopt the terminology proposed by Weibel: We call a complex fibrant iff 
it is ii'-injcctive in the sense of Spaltenstein. This will not lead to ambiguities since 
wc will not use the global closed model structure. 

A. 2. Sheaves with quasi-coherent cohomology. Let X be a scheme and K 
a complex of Ox-modules (unbounded to the right and to the left). Let / be a 
Cartan-Eilenberg resolution of K, i.e. 

a) 7 is a Z X Z-graded Ox-module endowed with differentials dj of bidegree (1, 0) 
and dii of bidegree (0, 1) such that (d/ + d//)^ = 0, 

b) 7^' vanishes for g < and 

c) 7 is endowed with an augmentation e : K ^ I . i.e. a morphism of differential 
Z X Z-graded Ojc-modules, where K is viewed as concentrated on the p-axis, 
such that for each p, the induced morphisms K'p — > 7^''* and H^K — > 77^7 are 
injective resolutions. 

It follows that for each p, the induced morphisms B^K B^K and Z^K — > Z^I are 
injective resolutions and that the rows of 7 are products of complexes of the form 

...O^M^O... or M ^ M , 

where M is injective. 

Let J = Tot 7 denote the product total complex of 7 and r) : K ^ J the mor- 
phism of complexes induced by e. The morphism 77 is called a total Cartan-Eilenberg 
resolution of K. The Cartan-Eilenberg hypercohomology of K is the cohomology of 
the complex 

TiTce{X,K) = T{X, J). 

The morphism r] is usually not a quasi-isomorphism. 

Theorem. a) The complex J is fibrant (A. 1). 

b) If K has quasi- coherent homology, the m,orphism rj : K ^ J is a quasi- 
isomorphism. Hence, Cartan-Eilenberg hypercohomology of K coincides with 
derived functor hypercohomology of K in the sense of Spaltenstein [29] . 

Part a) holds more generally whenever 7f is a complex of objects over an abelian 

category having enough injectives and admitting all countable products. This was 
proved by C. Weibel in [32, A. 3]. For completeness, we include a proof of a) below. 
Part b) was proved by C. Weibel in [loc. cit.] for the case of complete abelian 
categories with enough injectives and exact products, for example module categories. 
The case we consider here is imphcit in [29, 3.13]. Nevertheless, we thought it useful 
to include the explicit statement and a complete proof. 

In preparation of the proof, let us recall the notion of a homotopy limit (cf. [4] 
for example) : If T is a triangulated category admitting all countable products and 

. . . ^ Xp+i ^ . . . ^ Xo , p e N , 

is a sequence in T, its homotopy limit holim Xp is defined by the Milnor triangle [23] 
holimXp ^ JJXp ^ JJXg ^ (holim Xp)[l] , 
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where the morphism $ has the components 

jj ^q+l ® Xg -L^^ili^ Xg. 

P 

Note that the homotopy hmit is unique only up to non unique isomorphism. We will 
encounter the following situation : Consider a sequence of complexes 

over an additive category admitting all countable products such that the fp are com- 
ponentwise split epi (or, more generally, for each n and p, the morphism Xp_^f. — > Xp 
is split epi for some 0). Then we have a componentwise split short exact sequence 
of complexes 

O^lhnKp^llKp^llKg^O 

P Q 

and hence the inverse limit limifp is then isomorphic to holimii'p in the homotopy 

category. 

Proof of the theorem, a) Note that the bicomplex / is the inverse limit of its quotient 
complexes 7*''l obtained by killing all rows of index greater than q. Let Jg be the 
product total complex of . Then the sequence of the Jq has inverse limit Tot I 
and its structure maps are split epi in each component. Hence / is isomorphic to 
the homotopy limit of the sequence of the Jq. Since the class of fibrant complexes is 
stable under extensions and products, it is stable under homotopy limits. Therefore 
it is enough to show that the Jq are fibrant. Clearly the Jq are iterated extensions of 
rows of / (suitably shifted). So it is enough to show that the rows of / are fibrant. 
But each row of / is homotopy equivalent to a complex with vanishing differential 
and injcctivc components. Such a complex is the product of its components placed 
in their respective degrees and is thus fibrant. 

b) For p G Z, define t-^K to be the quotient complex of K given by 

. . . ^ ^ RP/BPR KP+'^ KP+'^ ^ ... 

and T ^^K to be the subcomplex of K given by 

. . . ^ RP-'^ RP-^ BPR ^ ^ . . . . 

Define t-PJ and t'^pJ by applying the respective functor to each row of J. Then 
the morphism r -PR t -PJ is a Cartan-Eilenberg resolution for each p G Z. Since 
T-PR is left bounded, it follows that the induced morphism t-pR — > Totr-^J is a 
quasi-isomorphism for each p G Z. Now fix n e Z and consider the diagram 

Jjnj^ H'^T-PR 



//■"Tot J ^ W'TotT-PJ. 

For p <n, the top morphism is invertible. It now suffices to show that for p <^0, the 
bottom morphism is invertible. Equivalently, it is enough to show that i?"Totr^^J 



DocuMENTA Mathematica 3 (1998) 177-205 



Cyclic homology 



201 



vanishes for p <C 0. For this let x ^ X. We have to show that (i?"Tot t <p J)^; 
vanishes. Since taking the stalk is an exact functor, this reduces to showing that 
the complex (Tot r ^^J)x is acyclic in degree n. For this, it is enough to show that 
(Tot T '^PJ){U) is acyclic in degree n for each afhne neighbourhood of x. Now r J is 
a Cartan-Eilenbcrg resolution of t^^K. Therefore, if we apply proposition A. 3 below 
to the functor F — T{U, ?), wc see that (Tot r ^^J){U) is acyclic in all degrees n> p. 
Indeed, we have {WF){H'pK) = for all p and alH > by Serre's theorem [9, III, 
1.3.1], since H^K is quasi-coherent. 

V 

A. 3. Unbounded complexes with uniformly bounded cohomology. Let A 
be an abclian category with enough injectives which admits all countable products 
and let _F : ^ ^ Ab be an additive functor commuting with all countable products. 

Let K he a complex over A and let if ^ J a Cartan-Eilenberg resolution. 
Suppose that = for all p > and that there is an integer n with 

{TCF){HPK) = 

for alH > n and all p G Z. 

Lemma. We have HPPTot J = for all p>n. 

Note that this assertion is clear if K is (homologically) left bounded. The point 
is that it remains true without this hypothesis. 

Proof. Define r -^K and r -^J as in the proof of proposition A. 2. The canonical 
morphisms t-^J ^ t-^^^J are split epi in each bidegree and J identifies with the 
inverse limit of the r J. Hence we have Tot J = limTot t-^J and the morphisms 

Tbtr^fJ^Tbtr^f+V 

are componentwise split epi. Since F commutes with countable products, wc therefore 
have F(Tot J) = limFTotT-PJ. By lemma A. 4 below, it is therefore enough to show 

that the groups H^F{Tot Lp) vanish for alH > n and all p where Lp is the kernel 
of the canonical morphism r-^J — > r-^+^J. Now Lp is in fact a Cartan-Eilenberg 
resolution of the kernel of the morphism t-^K — > t-'^'^^K, which is isomorphic to 
the complex 

. . . ^ RP-^/BP-^K ZPR ^ ^ . . . 

This complex is quasi-isomorphic to HPR placed in degree p. So Tot Lp is homotopy 
equivalent to an injective resolution of HpR shifted by p degrees. Hence 

H'FT^tLp = WRF{HPR[-p\) = {W-pF){HPR). 

By assumption, this vanishes fov i — p > n. \/ 

A.4. A Mittag-Leffler lemma. Let n be an integer and let 

. . . ^ Rp+x Rp^...^Ro^R-i = 0,p€'N, 

be an inverse system of complexes of abelian groups such that the TTp are surjcctive in 
each component and H^R'p = for alH > n and all p, where Rp is the kernel of TTp. 

Lemma. We have iJ* lim Rp = for all i>n. 
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Proof. By induction, we find that H^Kp = for all i > n. Now we have exact 
sequences 

^ Z'Kp K'p^ Z'+^Kp , 

for alH > n — 1. Since B^Kp ^ Z^Kp, the maps Z'^Kp+i — » Z^Kp are surjective for 
i > n. The fact that H'^K'^^^ = implies that the maps Z'^-'^Kp+i Z^'-'^Kp are 
surjective as well. By the Mittag-Leffler lemma [9, 0///, 13.1], the sequence 

^ lim Z'Kp ^ limii'^ ^ lim Z'+'^Kp 

is still exact for i > n—1. Since lim Z'^Kp lim Kp, this means that H'^ lim Kp = 
for i> n. \/ 

Appendix B. A comparison of derived categories 

B.l. Boekstedt-Neeman's theorem. Let X be a quasi-compact separated sche- 
me, V QcohX the derived category of the category QcohX of quasi- coherent sheaves 
on X, DX the derived category of all sheaves of Ox-modules on X, and T>qcX its full 
subcategory whose objects are the complexes with quasi-coherent homology. 

As an application of theorem A. 2, we give a partially new proof of the following 
result of Boekstedt-Neeman. We refer to [30, Prop. 1.3] for yet another proof. 

Theorem. [4, 5.5] The canonical functor V Qcoh X — > VqcX is an equivalence of 
categories. 

The proof proceeds by induction on the size of an affine cover of X. The crucial 
step is the case where X is affine. Our proof for this case is new. For completeness, 
wc have included the full induction argument. 

Proof. In a first step, suppose that X is affine : X = Spec A. We identify QcohX with 
Mod^ and then have to show that the sheafification functor F : VModA T>X 
induces an equivalence I? Mod A VqcX. Clearly, the image of A (viewed as a 
complex of A-modules concentrated in degree 0) is Ox- By the lemma below, it 
suffices therefore to show that 

a) We have A ^ Homx)x(Ox, Cx) and Hom-Dx(Cx, Cx [ri]) = for each n ^ 0, 

b) The object Ox is compact in Vq^X i.e. the associated functor 

Homi,,,,x(Ox,?) 

commutes with infinite direct sums. 

c) An object K e VqcX vanishes if lIom.-r)x{Ox, K[n]) vanishes for all n e Z. 

The three assertions a), b), and c) all follow easily from the fact that we have an 
isomorphism 

Homi,,^x(Ox,?)^r(Xif"(?)), 
which we will now prove : Indeed, let K e VqcX. By definition, we have 

}iom-Dx{Ox,K) = H°RT{X,K). 

Now we have morphisms 

H°BT{X, K) ^ iJ°Rr(X, T<oK) ^ H°RT{X, H°K) = T{X, H°K). 
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The morphism a is invcrtiblc because Rr(X, ?) is a right derived functor. The mor- 
phism /? is invertible by theorem A. 2 b), lemma A. 3, and Serre's theorem [9, III, 
1.3.1]. 

Now suppose that X is the union of n open afhne sets J7i, . . . , ?7„. By induction 
on n and the affine case, we may assume that the claim is proved for U = Ui and 

V = Uz=2...« ^i- Let jx:U ^ X and j2:V ^ Xhe the inclusions. Let F = X \ [/ 
and let i : y — > X be the inclusion. For any object K G VqcX, we have a triangle 

BFyK ^K^ jufiK ^ B.TyK[1]. 

Here the second morphism is the adjunction morphism and TLTyK is defined (up to 

unique isomorphism) by the triangle. The object j^K is a complex of sheaves on U 
and H^jlK = j^H^K is quasi-coherent. So j^K is in the faithful image of T> Qcoh U. 
Because X is separated, ju preserves quasi-coherence (cf. [19, 3.9.2]). So the triangle 
lies in VqcX . The subset F C X is a closed subset of V and i = ji Z2, where 12 is the 
inclusion of y into V. This implies that RryJsT = j2t.i^TYcvK). The above triangle 
thus shows that VgcX is generated by the juK' and the j2*K" , where K' belongs to 

V Qcoh U and K" to V Qcoh V . It remains to be checked that morphisms between 
jit,K' and j2*K" in VMoAOx are in bijection with those in I? Qcoh AT. Indeed, we 
have 

nomvx{ji*K',j2*K") = Romvv{f2]i*K',K"). 
By the induction hypothesis, the latter group identifies with 

HompQcohy(j2ii*-f'^'!-^") = iiomTiQcohx{ji*K',j2*K"). 
The same argument applies to morphisms from j2*K" to ji*K' . This ends the proof. 

B.2. Derived categories of modules. Let A be a ring and T a triangulated 
category admitting all (infinite) direct sums. Suppose that F : 2? Mod A ^ T is a 
triangle functor commuting with all direct sums. For the convenience of the reader, 
we include a proof of the following more and more well-known 

Lemma. The functor F is an equivalence if and only if 

a) We have A ^ Homr{FA, FA) and Homr(FA, FA[n]) = for all n ^ 0. 

b) The object FA is compact in T , i.e. Hom-r(-F^, ?) commutes with infinite direct 
sums. 

c) An object XofT vanishes iff'Romr{FA,X[n]) = for all n G Z. 

Proof. Let S C T be the smallest triangulated subcategory of T containing FA and 
stable under forming infinite direct sums. Then, since FA is compact, the inclusion 
S ^ T admits a right adjoint R by Brown's representability theorem [6] (cf. also 
[16, 5.2], [26], [8]). Now if A G T and i?A ^ A ^ A' ^ i?A[l] is a triangle over 
the adjunction morphism, then Homr(-F^, A'[n]) vanishes for all n G Z by the long 
exact sequence associated with the triangle. So X' vanishes by assumption c) and S 
coincides with T. So FA is a compact generator for T. Now the claim follows from 
[16, 4.2]. V 
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